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In this paper, we define the weaker Meir–Keeler type function ψ : R+ → R+, and under
thisweakerMeir–Keeler type function, we show a common fixed point theoremof two set-
valued mappings in a complete metric space. Our results generalize the results of Zhang
(2007) [1].
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1. Introduction and preliminaries
Throughout this paper, byR+wedenote the set of all real nonnegative numbers, whileN is the set of all natural numbers
and α ∈ R+,R+α = [0, α). Many authors had generalized the well-known Banach contraction principle in several different
forms. Recently, Zhang [1] gave some new generalized contractive type conditions for a pair (Φ, ψ) of mappings in metric
spaces, where
(I)
ψ : R+α → R+, satisfy that
(1) ψ(t) < t for each ∈ R+α ,
(2) ψ is nondecreasing and upper semicontinuous, and
(3) for each t ∈ R+α , limn→∞ψ
n(t) = 0,
(II)
Φ : R+α → R+, α ∈ R+,R+α = [0, α), satisfy that
(1) Φ(0) = 0, andΦ(t) > 0 for all t ∈ R+α ,
(2) Φ is continuous, and
(3) Φ is nondecreasing onR+α ,
and prove some fixed point results for these mappings. In this paper, we also give a pair of generalized contractive type
mappings, but we generalize the conditions of the mapping ψ of Zhang [1], we assume that
ψ : R+ → R+ is a weaker Meir–Keeler type function such that for t > 0 with
ψ(t) < t and {ψn(t)}n∈N is nonincreasing.
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Recall the notion of the Meir–Keeler type function. A function ψ : R+ → R+ is said to be a Meir–Keeler type function
(see [2]), if for each η ∈ R+, there exists δ = δ(η) > 0 such that for t ∈ R+ with η ≤ t < η + δ, we have ψ(t) < η. We
now define a new weaker Meir–Keeler type function, as follows:
Definition 1. The functionψ : R+ → R+ is called aweakerMeir–Keeler type function, if for each η > 0, there exists δ > η
such that for t ∈ R+ with η ≤ t < δ, there exists n0 ∈ N such that ψn0(t) < η.
Let (X, d) be a metric space, and let B(X) = {K ⊂ X : K is nonempty and bounded }. For A, B ∈ B(X), we define
δ(A, B) = sup{d(a, b)|a ∈ A, b ∈ B}, and
D(A, B) = inf{d(a, b)|a ∈ A, b ∈ B}.
2. Main results
In what follows, we let the functionΦ : R+α → R+ satisfying that
(1) Φ(0) = 0, andΦ(t) > 0 for all t ∈ R+α ,
(2) Φ is continuous, and
(3) Φ is nondecreasing onR+α ,
and let ψ : R+ → R+ be a weaker Meir–Keeler type function.
The following lemma had showed in [1], it is useful for our main theorem.
Lemma 1. If limn→∞Φ(εn) = 0, for εn ∈ R+α , then limn→∞ εn = 0.
Using the weaker Meir–Keeler type functionψ and the functionΦ , we define a (Φ, ψ)-contraction for the pair (T , S) of
two set-valued mappings T , S : X → B(X), as follows:
Definition 2. Let (X, d) be a metric space, and let T , S : X → B(X). If the following inequality holds:
Φ(δ(Sx, Ty)) ≤ ψ(Φ(M(x, y))) for each x, y ∈ X, where
M(x, y) = max
{
d(x, y), δ(x, Sx), δ(y, Ty),
1
2
[D(x, Ty)+ D(y, Sx)]
}
,
then we call the pair (T , S) having the (Φ, ψ)-contraction property.
We now establish our main common fixed point theorem, as follows:
Theorem 1. Let (X, d) be a complete metric space, and let T , S : X → B(X). If (T , S) have the (Φ, ψ)-contraction property,
and if for each t > 0 with ψ(t) < t and {ψn(t)}n∈N is nonincreasing, then S and T has a unique common fixed point a in X.
Moreover, Sa = Ta = {a}.
Proof. Given x0 ∈ X , let
x2n+1 ∈ S(x2n) = A2n, x2n+2 ∈ T (x2n+1) = A2n+1, n = 0, 1, 2, . . . .
Since
M(x2n, x2n+1) = max
{
d(x2n, x2n+1), δ(x2n, Sx2n), δ(x2n+1, Tx2n+1),
1
2
[D(x2n, Tx2n+1)+ D(x2n+1, Sx2n)]
}
≤ max
{
δ(A2n−1, A2n), δ(A2n−1, A2n), δ(A2n, A2n+1),
1
2
[δ(A2n−1, A2n)+ δ(A2n, A2n+1)]
}
= max{δ(A2n−1, A2n), δ(A2n, A2n+1)}.
If max{δ(A2n−1, A2n), δ(A2n, A2n+1)} = δ(A2n, A2n+1), then
Φ(δ(A2n, A2n+1)) = Φ(δ(Sx2n, Tx2n+1))
≤ ψ(Φ(M(x2n, x2n+1)))
< Φ(δ(A2n, A2n+1)),
a contradiction. So
δ(A2n, A2n+1) ≤ δ(A2n−1, A2n), and
Φ(δ(A2n, A2n+1)) ≤ ψ(Φ(δ(A2n−1, A2n))) < Φ(δ(A2n−1, A2n)).
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Similarly,
δ(A2n+1, A2n+2) ≤ δ(A2n, A2n+1), and
Φ(δ(A2n+1, A2n+2)) ≤ ψ(Φ(δ(A2n, A2n+1))) < Φ(δ(A2n, A2n+1)).
Generally, we have
Φ(δ(An, An+1)) ≤ ψ(Φ(δ(An−1, An))) < Φ(δ(An−1, An)),
and
Φ(δ(An, An+1)) ≤ ψ(Φ(δ(An−1, An))) ≤ · · · ≤ ψn(Φ(δ(A0, A1))).
Since {ψn(Φ(δ(A0, A1)))}n∈N is nonincreasing, it must converges to some η ≥ 0. We claim that η = 0. On the con-
trary, assume that η > 0. Then by the definition of the weaker Meir–Keeler type function, there exists δ > η such that
for Φ(δ(A0, A1)) > 0 with η ≤ Φ(δ(A0, A1)) < δ, there exists n0 ∈ N such that ψn0(Φ(δ(A0, A1))) < η. Since limn→∞
ψn(Φ(δ(A0, A1))) = η, there exists m0 ∈ N such that η ≤ ψm(Φ(δ(A0, A1))) < δ, for all m ≥ m0. Thus, we conclude that
ψm0+n0(Φ(δ(A0, A1))) < η. So we get a contradiction. So limn→∞ ψn(Φ(δ(A0, A1))) = 0, and so limn→∞Φ(δ(An, An+1)) =
0. Next by Lemma 1, we have limn→∞ δ(An, An+1) = 0.
For eachm ∈ N , we let cm = δ(Am, Am+1). We now claim that the following result holds:
for each γ > 0, there is n0(γ ) ∈ N such that for allm, n ≥ n0(γ ), δ(Am, An) < γ . (∗)
We shall prove (∗) by contradiction. Suppose that (∗) is false. Then there exists some γ > 0 such that for all k ∈ N , there
aremk, nk ∈ N withmk > nk ≥ k satisfying:
(i) mk is even and nk is odd,
(ii) δ(Amk , Ank) ≥ γ , and
(iii) mk is the smallest even number such that the conditions (i), (ii) hold.
For the proof of (i), (ii) and (iii), see Yen [3].
Since cm ↘ 0, by (ii), we have limk→∞ δ(Amk , Ank) = γ , and
M(xmk , xnk) = max
{
d(xmk , xnk), δ(xmk , Sxmk), δ(xnk , Txnk),
1
2
[D(xmk , Txnk)+ D(xnk , Sxmk)]
}
≤ max
{
δ(Amk−1, Ank−1), cmk − 1, cnk − 1,
1
2
[δ(Amk−1, Ank)+ δ(Ank−1, Ank)+ δ(Ank−1, Amk)]
}
≤ max
{
cmk−1 + δ(Amk , Ank)+ cnk−1, cmk − 1, cnk − 1,
1
2
[cmk−1 + δ(Amk , Ank)+ cnk−1 + δ(Amk , Ank)]
}
≤ cmk−1 + cnk−1 + δ(Amk , Ank).
So
Φ(δ(Amk , Ank)) = Φ(δ(Sxmk , Txnk)) ≤ ψ(Φ(cmk−1 + cnk−1 + δ(Amk , Ank))).
Letting k→∞. Then we getΦ(γ ) < Φ(γ ), a contradiction.
It follows from (∗) that for any choice of an in An, the sequence {an}must be a Cauchy sequence, hence {an} converges to
some a ∈ X . The point a is independent of the choice of an.
So, x2n → a, δ(Sx2n, a)→ 0 and δ(Tx2n+1, a)→ 0 as n→∞.
For each n ∈ N , we have
M(a, x2n+1) = max
{
d(a, x2n+1), δ(a, Sa), δ(x2n+1, Tx2n+1),
1
2
[D(a, Tx2n+1)+ D(x2n+1, Sa)]
}
,
and
Φ(δ(Sa, Tx2n+1)) ≤ ψ(Φ(M(a, x2n+1))).
Letting n→∞
Φ(δ(Sa, a)) ≤ ψ(Φ(δ(a, Sa))) < Φ(δ(a, Sa)),
we get a contradiction. So Sa = {a}.
Since
M(a, a) = max
{
d(a, a), δ(a, Sa), δ(a, Ta),
1
2
[D(a, Ta)+ D(a, Sa)]
}
= max
{
0, 0, δ(a, Ta),
1
2
δ(a, Ta)
}
= δ(a, Ta),
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we have
Φ(δ(a, Ta)) ≤ ψ(Φ(M(a, a))) = ψ(Φ(δ(a, Ta))) < Φ(δ(a, Ta)),
which implies Ta = {a}. Hence the point a is a common fixed point of S and T .
Let b ∈ X be another common fixed point of S and T . Since
M(b, b) = max
{
d(b, b), δ(b, Sb), δ(b, Tb),
1
2
[D(b, Tb)+ D(b, Sb)]
}
= max
{
0, δ(b, Sb), δ(b, Tb),
1
2
[δ(a, Ta)+ δ(b, Sb)]
}
= max{δ(b, Sb), δ(b, Tb)},
Φ(δ(b, Tb)) ≤ ψ(Φ(max{δ(b, Sb), δ(b, Tb)})) < Φ(max{δ(b, Sb), δ(b, Tb)}).
By a symmetry argument, we have that
Φ(δ(b, Sb)) ≤ ψ(Φ(max{δ(b, Sb), δ(b, Tb)})) < Φ(max{δ(b, Sb), δ(b, Tb)}).
So we conclude that δ(b, Tb) = δ(b, Sb) = 0.
Now,
Φ(d(a, b)) = Φ(δ(Sa, Tb))
≤ ψ
(
Φ
(
max{d(a, b), δ(a, Sa), δ(b, Tb), 1
2
[D(a, Tb)+ D(b, Sa)]}
))
≤ ψ(Φ(d(a, b))) < Φ(d(a, b)),
which implies a = b. Hence a is the unique common fixed point of S and T . 
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